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Introduction

This appendix derives the equations for our open economy monopolistic competition model.
The model consists of a number of different blocks: households, actuarial insurance firms,
foreign investment firms, government, aggregators of goods, and producers. We will discuss

each block in turn, beginning with the household block.



Households

In our model, we assume that households maximise lifetime utility subject to a budget constraint
and a constant probability of death;-4. If the age of a houdeshold in perite- 0 is denoted

a, then its utility function in period is given by

[<C3+t7tn1;15t) y (1— |a+t,t)17(p] 1-6 1

- (2.1)

whereca;+ 1 is the real consumption of the composite good by a householdagedn periodt,
Ma4t t IS the real money holdings of the household in petititat was chosen in the previous
period,la4+ ¢ is labour supplyg is a measure of the utility of holding real money balangets, a
measure of the disutility of labour, aredis a measure of the the curvature of the utility function.
We have chosen this particular form for the utility function to ensure that we get linear rules for
consumption, labour supply and real money balances which can be easily summed across
households.

The household budget constraint in nominal terms is

(I+ii-1(1—1y)) RoaiMayt1t-1

RNastt +RMayet = d R_1Natt—1t—1+ q
+(1— 1) AWlattt — (14 7ct) RCattt — Rasy
(1—1t) o Napt—1t-1 . Al
—R ——divy, 2.2

whereRma1+ is the nominal money holdings in perief a household agealin period zero.
FurthermoreRn,+ is nominal holdings of actuarial notes aRa is the nominal wage. The
tax on nominal interest income for peribds denoted byt ¢, on consumptionct, on labour
incomen ¢, and the lump-sum taxs ;. The nominal interest ratq,-1, is defined as the rate
agreed in periotl— 1 for deposits made in peridd- 1, that will be paid out in periotl
Households also receive a share of the profits made by actuarial insurance firms,
%%div“, where we assume the share is proportional to actuarial note holdings.

We assume that households place all of their savings with a competitive, zero expected profit
actuarial insurance firm. When a household ‘dies’, its savings becomes the ownership of the
actuarial insurance firm. Given the zero expected profit condition imposed by the competitive
market, these savings are then in turn redistributed to the living households as part of the return
on their investments. Since the return on actuarial notes compensates for the probability of death
in this manner, it is always better for the household to let the actuarial insurance firm own other
assets on their behalf. This same logic applies to the dividend: only hhouseholds left alive
receive a dividend.

We also assume that households have actuarial insurance on their real money holdings. This



2.1

ensures that the real money holdings of ‘deceased’ households are also redistributed to the
surviving ones. This explains why the first term on the right hand side of (2.2) is dividdd by

Note that in our modelling of households we assume that they do not take into account the
riskiness of the assets which the actuarial firm holds on their behalf. That is, they behave as if
they have perfect foresight, or in other words, they display certainty equivalence. This means
that the model is only valid in a stochastic environment up to a first order approximation, unless
we make the certainty equivalence assumption.

Since the household only derives utility from real consumption it is useful to rewrite the
budget constraint in current real terms by dividing both sideR by

(I+it-1(1-7¢)) R R_1 Mayt-1t-1
Nattt + Mattt = d - Tnaﬁ-t—l,t—l + ?% — st
1—7¢t) Napt—1t-1 .
+(1—a)Wlartt — (1+7t) Caytr + ( ) Matat 1d|VtAI,
d N1
or, lettingm = % represent inflation,
1+it-1(1—1g Maat_1t-1
Nattt + Mastr = (Atis (1~ 54)) R (2.3)
md md
1—17¢) Naat—1t-1 .
+(1—a)Wlartt — (1+ 7t) Cayty + ( 1) Mt 1d'VtAI-

d N1

Equations (2.1) and (2.3) are theoretically sufficient to completely specify the restricted
maximisation problem for households. We would need, however, to consider the first order
conditions (FOC) based on the discounted sum of utility over all time periods, with one budget
constraint for each time period: no simple task. There is, fortunately, an easier method available.
It involves recursively rolling the budget constraints for all time periods into a lifetime budget
constraint.

Lifetime Wealth

The derivation of a lifetime budget constraint involves the creation of a lifetime wealth variable.
The trick here, following Ascari and Rankin (2007), is to define the financial wealth variable,

1 .
fhatt—1t-1= mid {[1+i-1(1— |,t)] Natt—1t-1-+ Matt—1t-1.} (2.4)

If we also define net interest incomeris= i;_1 (1— 7 1), we then have that

fhart-1t-1md Ni
— = Napt-1t-1+Mapt-11-1— -
1+ ni ati—4 + 1+ nig

Matt—1t-1. (2.5)

We can now rewrite the budget constraint as follows.

Nattt+Mattt = Fhapi—1t—1+ (31— at) Welarer — (14 %ct) Caytr (2.6)
(1—11) Najt-1t-1

d Ni—1

div

—Tst +



Combining equations (2.5) and (2.6) results in the following expression.

fhattmq1d

: = fhayt—11-1+(1— Wil — (14 7ct)C _
1+nig g att-1t-1+ (1= 2 0) Wilagtt — (1+ 7et) Caser — st

Nit 1 (1—1t) Nagt—1t-1 . Al
- + ' 2 div,
1+ nigg g Mot d N1 !

How should we interpret this expression? We can rearrange it to make interpretation easier:

Nt 1 fhayttm2d

1+ 7t)C 4+ — -
( ct) Cartt 1+ﬂlt+1ma+t’t 1+ Nis

= fhapt—1t-1+ (1—200) Welasty (2.7)

1- Nart—1t—1 .
( I,t) a+t—1t 1dIVtAI

d N1

The right hand side is the real financial wealth brought into the current period plus real wages

— st +

minus lump-sum taxes, in other words real wealth net-of-taxes. The left hand side is real
expenditure net-of-taxes. This is easier to see for the consumption term, but less easy for the
other two. Let us return to (2.5), only for the next peritd,

fhait 7y 1d Nt 1
e = + L . 2.8
T+ Nitea a+t,t T Mattt 11 niges Matt t (2.8)
Now rewrite this expression as
fhatt i y1d Nit11
Nactt +Magtr = —ot S Mastr (2.9)

1+nigq 1+niq
This demonstrates that the last two terms on the right hand side of (2.7) represent the real cost of
the purchasing of actuarial notes and the holding of money balances chosen irt period

Intuitively, we can think of the third term on the left hand side of (2.7), the financial wealth
term, as the real cost of buyirfdh,. ¢ to hold until the next period. This follows from the
definition of the real rate of return for the household:

1+ni
ﬁ =141
Substituting this expression into (2.7) makes clear that this looks like the real cost of holding
fhastt until the next period. However, this term involves a mistake, because money bears no
interest. Therefore, real money balances have an opportunity cost, which is the nominal interest

foregone. This cost of holding money balances is

Nigy1Magtg.

The present discounted value of this cost in petititen results in the second term.
We can now combine all the budget constraints into one constraint via substitution. This
results in the lifetime budget constraint. Define for convenience

(1—1¢) Nayt-1t-1

d Ni—1

Nity 1

— divA!
1+4nityg t

Yat = Mottt + (1— 7 0) Welayer — ast +



It follows from earlier definitions that the budget constraint for petiodn be rewritten as

m1d
1+ nit+1
For periodt + 1, we then obtain

(14 7ct)Caytt + fhattt = fhayt—1t-1+VYat

m+2d
1+nig+2
Substituting this result into the previous equation for petiogkults in

fhattt = (1+ 1) Carttr1 — Yar+1 + fhayetea

420
1 + n it+2

m1d
1+ ni4q

For the period + 2, the budget constraint can be written as

(14 7t) Cattt = fhayt—1t-1+VYar — (14 zct4+1) Catttl — Yat+1+ fhaittea

730
1+ nNig,

Again substituting this expression into the equatlon for petriodw gives us

fhaitirr = (1+ %cte2) Carttr2 — Yars2 + f hatt 42

T y1d
1+ nigyg

ﬂ[+2d ﬂt+3d
— | (1+ 7 C - +-———fh
1+ Nig12 (( ct+2) Cattt+2 — Yat+2 1+ Nicea a+t,t+2>:|

(14 7ct)Cartt = fhajt—1t—1+Yat —

X {(1 + Tct41) Catttrl — Yat+1+

or
_mad
1+nig
| myd  mgod
1+nit+11+nit+2

(14 7ct)Cartt = fThart—1t-1+VYat — [(1+ 7 t+1) Cattt+1 — Yart+1)

m3d
1+ 1 Cattt+2 —Yaty2+ ———fh
(( ct+2) Cattt+2 — Yat+2 1+ nirya a+t,t+2>}

If we now define

1
|_| 1+ Nk kljl 1+rf )’

a=1

o] that

|‘| it (2.10)

then it should be clear that continued substitution results in the following expression for the

lifetime budget constraint.
ia—‘h(1+r-)c i.i = fhatt— ,+ma—jh -—Iima—jhfh i (2.11)
2 oqh c,j)Cati,j a-+t—1t—1 JZI athYa,J i, oqh atj,j
We further impose a No Ponzi Game condition to set the limit term to zero and define household

lifetime wealth:
w o h w o h I ah

ﬂ(1+fcj)Ca+jj:fha+t71tfl+ ﬂ(l—ﬂj)wjli Ts.
2o . ’ ;@ ’ ;@

J:

; o h
nij P (A=a) Nagj-1j-1 A
i ' =—div;
Z h d Nj_1

= ha+t,t (2-12)

Note the term in the lifetime wealth which accounts for the expected cost of holding real money.



2.2

2.3

2.4

Utility Maximisation

We are now in a position to write down the maximisation problem facing households. The

households will want to maximise the discounted sum of utility in all future periods in which

they may ‘live’. If the household discount factor is denotedshyhen households will calculate

the expected present discounted value at timiefuture utility in periodj >t as
1-6

s 1-¢ \* C1-

Ca+j7jma+j7j) (1—latj,j) ﬂ -1

(pel)’™ ( T

(2.13)

Here the factod! ! represents the probability of the household still being ‘alive’ in pejiogi.
The Lagrangian for the household utility optimisation problem is then given by the following.

1— 0 1 1-06
Cg—s—j,jma—s-?,j) (1—layjj) (p} -1
1-06

8

L=y (pd)™ (

Il
i

oo h
o
+A (ha+t.t - z 705] (1+ Tc,k)Ca+k7k>

k=t

Consumption FOC

To avoid unnecessary clutter let us define
= _ (s 1-¢ \* RN Y
zj= (Ca+j,jma+j.,j) (1-lasj)

The associated FOC with respect to consumption in peried is

. 5170 ah
0=(pd) o — 21— (1+1))
Catj,j o

This leads to the following expression fbr

1= (ﬁd)ift so =i -— (2.14)

Labour Supply FOC

We can also obtain the FOC with respect to labour supply:

=1-6 h
0=—(Bd) " (1—p) b 425 (1-q)w
1-layjj o

Rearranging terms leads to the expression

=1-0
(1-p o =
o

1—larjj = (Bd) "



2.5

2.6

which, with A substituted out of the expression, leads to the following equation for labour supply

in terms of consumption

(1—9) (1+ 1) Catj,j
s¢ (1-aj) W

lagjj=1- (2.15)

Money Demand FOC

The FOC with respect to money is given by

It =0 nin
0=(pd)! " (1- B /e
(Bd)"( g)qomam o T4 nija
This gives us
h .
P J?t:_lfeq’(l_G)i(l—i—nlj_,_l)
Mayjj = (Bd)’ = o i

which simplifies, withA once again substituted out of the expression, to the following.

(1-¢) (1+niji1)
9 Nij11

Mayjj = (14+17j)Carj, (2.16)

Consumption and Wealth

Using the expressions (2.15) and (2.16), we can substifufg andmaj j out of (2.14) to
obtain the following somewhat daunting expression.

Ao (1t)

Bd) e co
) 1-¢\ ¢ 1-¢ 1-6
1— 1-+nij 1— 14+7c,j) Catj.j
(o [oren s titan | ) (S sgse) |
Catj,j
Combining the terms involvingaj j then yields
Ao (At
(Bd) o co
. _ 10
SHICIRNE= (1+mj+l>)"’<l g (i <1+rc,j>>1 ’
arl) ! Nij 1 sowj (1—17;)

which can be solved for consumption to give

[iN

. hy ~#
_1 it a;



where

Q)=
A+z))\ ? (1—¢) (A+nij )] (141, 1- 9\
— (1+1) . ,
o S Nijy1 1-17/ cowj
and where
51:(1—g)<g(1—9)’ and &= -0)10)

To proceed, substitute (2.17) into the lifetime budget constraint (2.12):

S

L1 ket of!
haitt = Z @(14-77@@/l o (Bd) 7 Q @

1—41
o k-t

12 (o
=) z (a?‘) (Bd) 7 (14 7ck) Qx

k=t

Rearranging terms, yields

1 1 2/ 3 k-t
A6 = z (ath) (ﬂd) 3 (1—|- Tc,k)Qk

In (2.19), the tern{1+ 7 ) Q is equal to the following.
(co)? (1—g>51 (1—¢>32 (L4 zp)t o022 <1+nik+l>5l
S 7 (Wi (1— 17 x))%2 Nik+1
This expression, however, simplifies further, because

(1-0)
6

1
1—5+51+52: —c9
We have then that

(l-l— Tc,k) Q=

(1-6)
(cp)? (1_g)51 (1_ ‘P>62 (I+7ek)** <1+ nik+1)‘p(l_g) ’
¢ ¢ (W (1=24)) 5\ Rk

To make this expression more managable, we introduce the following notation.

. 1 /1-c\%/1-0\%
el (59" ()
9 1%
(1-6)

Xy = [ (L4 7ck) ** (1+ nikﬂ)(/’(l—g)] o

(Wi (1= 74)) T2\ Nk
We can now rewrite (2.19) as follows.

1-1

_1
) h 0 _t
= ha—&-t,tx*il [z (ZF,) (ﬁd)kexk]

Tl

e
k=t

10

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



2.7

It turns out that we can define a term that captures the marginal propensity to consume out of
wealth:

(1-s)=x"1 [ki (ﬁ)lé

-1
(Bd)T xk] 0,

Now rewrite (2.25) in terms of the marginal propensity to consume as

=

270 = (1—5§))ha Q1 (2.26)

Returning to consumption, we can now substituteut of (2.17), resulting in
1
0

1 it ajh -
Catjj = (1—5))hatttQ; " (Bd) 7 Qj | —¢
o

D=

i a\
= (1-sj)hattt (Bd) T <a:h> (2.27)

This demonstrates that consumption is linear in wealth. This expression tells us what the
household’s optimal plan for all future consumption is starting from petriod

Aggregation

Having derived household quantities for a given age cohort, we must now aggregate over cohorts
to obtain totals.

If we consider consumption at time perigdhen (2.27) simplifies to

Cattt = (1—%)hayty, (2.28)

wherehg¢; is defined in (2.12), and where
-1

i hy 1% k—t
1-9=x| 5 (%) TN o (2.29)

k=t

Note, however, that we can use the expressions (2.22) (2.23) to sirffplésg follows.

(1-6)

(1+Tc,t)7g(p79/<179) (1+ nit+1)“’(1_g>] BCA

Q= (1+2)xL+zy) ' =
1(1—g & 1-9¢ %
(s9)? o)
3 <9 (W (1—7t))
(1-9)

(1_;'_7:0.1)79@79/(179) (1+ nit+l>(p(1g) 0
(W (1— T],t))(lf(p) Nig 1

Nigy1

*

(2.30)

11



By combining (2.29) and (2.30), we can express the marginal propensity to consume out of

wealth, 1- g, as

(179) 1 71
—cp—6/(1-0) i o(l-¢)] e ® hy -3 _
(14 17ct) 1+ N1 5 o (50) X (2.31)
We(1=7)* "\ Nita of

We can now see that the marginal propensity to consume is constant over all age cohorts,

because it is not a function of age. But the consumption of each cohort, given in (2.28), is simply
the product of the marginal propensity to consume multiplied by wealth. If the marginal
propensity to consume is constant over all age cohorts, then total consundptisrgiven by

the product of total wealthH;, and the marginal propensity to consume:

G=01-s)H. (2.32)

If we take (2.32) as given for the moment, without bothering to worry about the epression for
H, then we can see that the aggregate labour supply, given (2.15), (2.28), and (2.32), is
1 (- (+m)(1-8),
1-d s (I-m1) w
and aggregate money demand, given (2.16), (2.28), and (2.32), is
(1—¢) 1+niyg 1
S Nity 1
At this stage it might be sensible to do a quick check - what happens to the demand for real

Lt =

)

M = (1+7ct) —§)H.

money balances when the nominal interest rate goes up? Wall,,asncreases demand for real
money balances falls, which is what we want.
Before returning to the derivation of the epressionHigrwe first note that we will assume

that there is one household ‘born’ each period. As a result there will be a total of

S |
J = —
jZ: d = (2.33)

households in equilibrium. This means, for example, that the total lump sum taxes collected by

the government in periodwill be qsé

To obtain an expression for total wealtth, we must return to (2.11) and (2.12). From these

two expressions we can see that aggregate wealth can be defined as
Hi = HW +FHi_1,

© oh
where aggregate human wealth =3 5 %ya,j, is defined to incorporate the cost of money
aj=t

holding:

8
=3

L
—d

(04
HW =y — (1-a,j)wLj -

00 J .
“h M;
& Z 1+n|

™M 8
3“—3

Ms g

o
+3 —F(1—g;)divf.
o

12



2.8

And aggregate financial wealth is defined from individual financial wealth in (2.4) as

1 .
FHi_1 = n_tfd [(1-1- nlt) Nt71+Mt,1] .

Getting rid of the infinite sums
At this stage we need to get rid of the infinte sums in the equations for human \w#§lthnd

for the marginal propensity to consurfie— ). Let us start with the easier of the two: human

wealth.

OOOCV - iv-1(1—1y)
H Q-—gywLy——2Y = M
W = Z‘ Tlv vy — dZ ha Z h1+|v11 Tlv) v

+Z% gy) div)

Writing out the first terms of the sums gives:

1 it(1—1y) Al
HW = (1— Li——— —.7M 1-154)d
W = (1—7)wls 1-d™ " T4, (A= » +(1—70)div
1 = a\, i iv— 1 1 Trv)
+ 1- wyly — —— — —‘M
D TN T e S T ™

SD_‘SD_ ,_93_‘3:_

(1—gy)div

Adjusting the starting period for the remaining sums and usfhg: o, (1+r{):

o _
HW = (1-1 t)WtLt - ﬁflst - MMt+(1*‘ﬁ7t)d|VtAl

1+ig_ 1(1 Tr,t)
S 2 b © b iva(loay)
1 v= %rl %1 ( — V) v d %rl g Ay v=%+1 oty 1+iy_1(1-1y) v

[ee]

+ Y (- |,v)diV\/AI
v=t4+1 ™

+ 1+th

&

Substituting in the definition of human wealth and real interest for households:

1 it-1(1—74)
H —(1— Ly — —— -——M
W = (1-17¢)wk 1_g st T+ici(1—ay)
. drmiq
+(1-g)div 4 ——— =
(1-a4)divf Ttit(I—ag1)

Now let's get our hands dirty with the marginal propensity to consume. We denote the
bracketed infinite sum on the right hand side of the expression for the marginal propensity to

consume, (2.31), as

0 h l*% _t L h 1*% v—t
w=3 (%) w0Tx-x: 3 (%) pax.

13



We can rewrite this as

D

* h - v—(t+1
Y= X+ (Bd)P Y (ﬂ) (Bd) 5 X,
i1 )

h
v=t+1 (1+ It
or

1 1
6

Yo =X+ (Bd)7 (14107 MYy,

Now define the inverse of the first bracketed term on the right hand side of (2.31) as

t =

(1-9)
(1_1_7_.0&)*;(079/(1*9) (1+nit+1)“’(l_g) e
Nigy 1

(W (1—7)) 2

This enables us to rewrite (2.31) simply as follows.

(1-s)'=2zY

1
0

(1-5) =2 (X% + (Bd)? (1+r)F s

(1-s)'=ZX+ % (B (1+r)P Lz
(1-8) = 2%+ 5 (pd)? (1r)F(1 gy

2.9 Household block

Therefore, the following nine equations describe optimal household behaviour.
Optimal consumption

Ci=(1-s)H (2.34)

Total wealth (note how we have changed the time subscript for financial wealth without

consequence)

Hy = HW + FW (2.35)

Human wealth

(1— a0 Wle+ (1— 50 div® — 255

HW = it—1(1-7y) dm
ot , +1
Lri1(1-ay) M + Trit(1-a1) HW

Financial wealth

1 .
FW = -3 {[14nit]Ne—1 +M_1} (2.37)
T

14

(2.36)



Marginal propensity to consume

1 11 -
(1—3)*1:tht+%(ﬁd)e <1+rth)e (1—s.1) 1
where
1-0)
_ (1+~k¢y£¢ (14—nh+1)¢ﬂﬁ o
(Wt(l—n,t))(l‘q’) Nity1
and
(1-0)
_ (14 1¢q) 5970/(1-0) (1+nit+1)fp(lg) -5
- (W (1—74)) % Nig41
Labour supply
L — 1 _(l—<P)(1+7:c7t)(1—s[)Ht

1-d e (17 ﬂ,t) Wt
Money demand

(1-¢) 1+ nitg
Nit11

Mi = (1+ 7cy) (1-5)H

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

15



Actuarial insurance firms

Actuarial insurance firms take household savings and allocate them across competing assets.
The assets are government bonds, shares in the foreign investment firm, shares in production
firms and direct investment in the capital stock. Production firms rent capital from actuarial firms
who own the capital. Production firms pay a refito actuarial firms over the capital decided to
rent in the previous period— 1. Investments are defined as

I =K — K1+ 0K 1

Investments are subject to adjustment costs which are represen@ue(j#ix — 6) . This
form enables them to be zero in the steady state. Let the constant number of shares in the
representative firm b&;, the real share price g and the real dividend paid per sharedi&,

then the nominal profits of the actuarial firm for perioare

RN = AN — (1+it-1) R_1N—1 — BB+ (1+i ) R_1Bi_1 — &RZ + (¢ +divt) RZ 1

. |
—qfRZf+(qf+divi)RZf 1 +rfRK;— [14- v (Kt - 5)} Rl
t—1

Dividing through by prices again and using the definition of the real interest rate:

A =Ne— (L+r 1) N1 — B+ (1412 ) Bra—qZe+ (o +div) Z 1

. I
—qftht+(q ft—‘rdIVft)Zf[fl—Fl'tth - [1+1// (Kt —5)] It
t—1

It is worth a moment to think about why this doesn't have inflation terms in whilst most of
the stuff we have previously seen did. Basically, whatever capital survives after depreciation can
simply be sold at today’s prices (remember, capital goods are produced one-for-one from
consumption goods), whilst depreciation works on the real capital stock. So that is why we don't
see any inflation terms here.

Actuarial firms discount future real profits by expected real return on actuarial netgs i
The reason why we use this discount factor rather than the standard stochastic discount factor in
representative agent models is that differently aged households have different levels of
consumption, so different levels of riskyness across assets held by the actuarial insurance firm
would need to be discounted by a different stochastic discount factor for each household, unless
we assume certainty equivalence.

This gives the Langrangian
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Ne— (1+r-1)Neea —Be+ (1412 1) Bior — Gz + (o +dive) Z g
Lv=> o —qftht+(qft+divft)th_1+rtth_1—{Hw(&— )}lt
t=v
+/\t(|t+(1—5)Kt—l—Kt)

where

B 1
C Miza (T+rim)

The FOC with respect to government debt holding is:

Gt

1+ rt - 1+ rtg
From now on, we will impose this directly. The FOC with respect to production firm share
holding is:

divi
141 = Ot+1+0IVi4+1

The FOC with respect to foreign investment firm share holding is:

1ir = gfpr+diviig
qfi

The FOC with respect to capital:

ls1\2 /1
(1+rt)/\t:rtk+l+(tK+tl) v/ <t|<+tl_5>+/\t“(l_5)

A representative actuarial firm is modelled so it considers the received dividend as fixed.

The FOC with respect to investment is:

(RSl

which means

e It /< e )
A=1ty| 5]+ (s
t v <Ktl ) Ki-1 4 Ki—1

Since the actuarial firms are perfectly competitive, a zero expected profit condition will also

hold, which, when we imposg =Zf; =1is:

0=N1— (1+rt)Nt — B[+1+(1+ rt)Bt +divip +divfiig

ltt1
1K — {14- v (th - 5)} lt+1
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3.1

Actuarial firms block

The following equations, therefore, describe optimal behaviour on the part of actuarial insurance

firms.

Demand for production shares
T4r = Gr+1+ divir
Demand for foreign investment firm shares
1ir = gfr+diviig
qf

Optimal investment (1)

/\t:1+w<'t—5> +"w’<“—5>

Ki—1 K1 Ki-1

Optimal investment (2)

1 K ler1 2 s 1
A= ) g (M 5) A (1
=T rt+1+(Kt> K 8 ) +MNt11(1-9)
Dividend
divAl — Ne— (1+re—1)Ne—g =Bt +(1+rt-1) By +div +div f;
A =

iK1 — [1-1- v (ﬁ - )] le
Zero expected profit condition

Ney1— (14re) Ne —Bryg+ (1+1¢) By +dive g +divif g
ke (14 v (5 - 8) |k

Definition of investment
lt =K — (1-6)Ki-1

Adjustment cost function
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4 Foreign investment firms

Foreign investment firms take funds from the actuarial insurance firms and buy risk-free foreign
bonds. Due to the fixed exchange rate between the domestic economy and the rest of the world,
we can use the domestic CPI to price foreign bonds. That is, from the point of view of domestic
residents, the real value of their foreign bond holdings is the quantity of the domestic good that
they can buy. The total dividend they pay their shareholders (which is per period profit) is now:

RAiViZfi1= (1+i% ) R-1FBi-1— RFB: — R¢ (OFBy)
and the definition of change of real foreign bond holdings is:

AFB =FB —FBi1

So why do we choose this specification for adjustment costs, ie. as a function of the change
in real foreign bond holdings? The simple answer is for ease of manipulation, since if we divide

through both sides of the dividend by current prices we get the following Lagrangian:
R=3 o [VOF By 1~ AFBy —& (AFBy) +Afy (AFB, —FBy +FB, 1)
V=]

The variablesy, ande; are still defined as the compound real interest rate obtained from the

domestic inflation and the domestic nominal interest rate: The FOC with respeBds:

_ _ /
A=+ { g 16 (0FB)] =14 &' (0B
The FOC with respect tBB;:

_ 1 fo
Aft - ﬁrt |:rt +/\ft+]_:|

We can also define the capital account:
NX = FBr— (141 ) FBs
4.1 Foreign investment firms block
Optimal behaviour of foreign investment firms is therefore given by the following equations.
Optimal foreign bond holding (1)
Afy =1+ & (AFB) (4.1)

Optimal foreign bond holding (2)

o 1 fo
AMe=11 (” +’\ft+l) (4.2)
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Definition of real dividend

divh =r % FB_1—AFB — & (AFB) (4.3)
Definition of foreign bond adjustment

AFB; =FB; —FB;_1 (4.4)
Adjustment cost function

£ (OFB) =cpf x (AFBy)? (4.5)
Real net exports definition: Capital account

NX = FB, — (1+ rtf_"l) FB_; (4.6)
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Government

Let us first start of by working with the government budget constraint covering both fiscal and
monetary authorites. Whilst the Netherlands does not have it's own monetary policy, it still
enjoys transfers of seignorage revenues from the euro system, hence we need to model this in
our analysis. One must also note that, if households do not value money, which is achieved by
settingg = 1 in the utility function, then there will not be any seignorage revenues since there

will not be any money. Central banks can inject money into the economy by performing open
market operations. That is, they use newly printed money to buy nominal bonds. Typically,
however, monetary economics models changes in the money supply as cash-injections direct to
households. That is, every household wakes up each period with their share of the increase in the
money supply posted through their letter box. This is because, in models with infinitely-lived
representative agents and non-distorting taxation, Ricardian equivalence holds and bond
holdings are irrelevant. Hence, cash-in-the-letterbox and open market operations are equivalent.
We have both finitely-lived agents and distortionary taxation, so we will need to model open
market operations. Let us defiRdB; as the nominal price of a bond in peribdhen the budget
constraint of the monetary authority looks like:

RAM; —R_1M; 1 +ir 1R 1BM; = RBM —R_1BM, + RTransfey

HereRBM are the nominal bond holdings of the monetary authority. The LHS is the nominal
income of the monetary authority: the nominal money issued plus the nominal interest received
on bond holdings. The RHS are the outgoings: the increase in nominal bond holdings plus the
transfers to the fiscal authority.

If we now turn to the budget constraint of the fiscal authority. For ease of notation, let us

define a term to represent all nominal tax receiBf§;
AT = gt 1R N1+ AW+ 2 AG + 1 R+ 7 Rdiv
the fiscal authority budget constraint is then:
RGt +it-1R-1B; = RB] —R_1B[; + RT +RTransfey
HereRB{ are the total of all outstanding nominal bonds. Using the definition:
BM 4 B =B

whereRB; are the nominal bond holdings of the public, we can combine the two budget
constraints to get a single budget constraint for the government as a whole. First we use the

definition of total bonds:
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RGt+it 1R 1B 1+iR 1B =RB —R 1B 1 +RB" —R 1B, + RT + RTransfey

then substitute out the transfers from the monetary authority to the fiscal authority:

RAM; —R_1M 1 +ir 1R 1BM, — (PtBtM - F}_lBt'\ﬂl) = RTransfef

SO

RGi+it 1R 1B 1+it 1R 1BM; =RB —R_ 1B 1+RBY -R_1BM;
+RAT%+RM —R_1M_1+i_1R_1BY,
— (RBM-R_1B"))

Cancelling terms leaves us with the consolidated government budget constraint:

RG: +it—1R-1Bi-1 =RB:—R_1Bi_1 +RTt + RAM; —R_1M;_1

If we look at this we can see that there is interaction between fiscal and monetary policy
because the seignorage revenues enter into the budget constraint. Again, it is often useful to
write this in real terms by dividing through By.

. - - M;—
Gt+lt,1£=Bt—@+Tt+Mt— 1
m P m

Or rearranging and using the relevant real interest rate definitions from previously:

i_1 1 . M1
Bi=Gt+(1+r-1)B1— Ti,tt7tNt—l_ 7 WLt — 761G — T gfstt aedive — My + ;t

We also need to specify a fiscal policy rule so that debt remains bounded. The following
example uses lump-sum taxes to pay off slightly more than the interest burden on outstanding
debt:

1
mfls.t = (1+ re-1-+ Tsus) Bi_1

Alternatively we can think of many different rules such as the following that adjusts
consumption taxes smoothly to target a specific deficit-to-GDP ratio:

G+ (1+r-1)B-1— Tt — y1'%t
Y;

Tc,tct = PtsTcﬁt—lct—l +Q

So basically, the consolidated government has an extra instrument: the growth rate of money.

However, the Netherlands doesn’t have its own monetary policy so we need to specify a
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51

monetary policy rule for our model that takes the institutional set-up into account. Namely, we
can set the domestic nominal rate equal to the foreign nominal rate:

. -fo
It:lt

In fact, we impose this directly through the various interest rate definitions we have

introduced..
Government block

A balanced budget government block is given by the following equations.

Government spending

Gy = Go+ € (5.1
Government budget constraint

Bi =G+ (1+ri-1)B-1— ﬁ,titﬂ;tht—l — 1 Wkt — 761G — ﬁTIs,t + 7 (Rdiv{ (5.2)

Fiscal policy rule

1
mﬂs,t = (1+ -1+ Tsus) Bi—1 (5.3)
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6.1

Aggregators
Composite domestic and foreign bundles

Aggregate consumption, government expenditure, investment and the associated real costs must
be made from the same composite gogd,The composite good is made up of foreign and
domestically produced good¥;; andYy ; respectively, from the following CES aggregator:

1

Yi=[(1-1-na) Y+ (1-n)a)" Y}:;"} o

Here,n = 0 gives perfect substitutability between domestic and foreign geodsasures
the degree of home bias with= 1 indicating no home bias andgives the size of the domestic
economy relative to the rest of the world. Given that the domestically produced good has price
R4 and the foreign good pridd-, cost minimisation gives us the price of the composite good as
well as the demand for each of the two components.

n
-1

R= [(1— (1—n)o¢)F>anl + (1—n)aPrjt”l}

Yhi=(1-(1-na) <F1th) ' Yi

1
Yer=(1-n)a <P|2t) ' Y

Assuming symmetric home bias at home and abroad, we get the following price and
demands in the rest of the world

_n_

n-1 p-17 17t
R = [naPHft’ +(1—na)R }

1
B\ 7
Vi=na ()" %

1
R\
Vo= (1-no) (£) v

Note that due to home bias the composite goods will contain different proportions of the two
underlying goods and will therefore not necessarily have the same price. The price level can be

non-stationary, so we define everything in terms of relative prices:
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o(S) = [(1—(1—n>a>+<1—n>as }"1 _ R

t

n—1

(%)= |(1-na) +nes ™| =

The terms of trade is still defined in terms of the indivdual levels but we can redefine it as a

difference equation:

S = Prt Bie-1 B
Pt Pre1 PHia

or

S _ e

S-1 mHp

We can use the above to derive an expression for the current account:

RNX = P Vi — P Y

Orin real terms

1
1 N S g(S)) "
=— Yy — ——(1— ==Y
%= 5@ (O - L1 :
or
1 ()7
1 n
NX = (@ 97 - 1o (9) T v
We can also use the above definitions to derive the following expression for domestic CPI
definition:
_ 98
“os)™
6.2 Within domestic bundles

The domestic good that makes up the domestic share in the aggregate composite good is itself a
composite of a continuum of domestically produced goods. The consumption bGndle
represents the domestic consumption of the continuum of domestic varieties on the interval

[0,n]. The bundleY}, ; represents the foreign consumption of the continuum of domestic
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varieties on the intervdD, n]. Similarly, the consumption bundi:; equals domestic
consumption of the continuum of the foreign varieties which are on the intgr\al The
foreign consumptioiY; of such varieties is defined analogously. The bundles denote aggregate

guantities. Stated formally we define:

Yiei = / (i)smtm“di

0

1
I-¢

Lo 2
o= | [(125) ot
n

wherei represents a particular variety an&@ < 1 represents the inverse of substitution
elasticity of the domestic varieties as well as the foreign varieties. An expression for the optimal
choice ofYy ¢ (i) will be obtained in this section. Expressions for the other three types of variety
consumption follow similarly.

The perfectly competitive aggregator takes the prices of varieties as given. They choose the
sequence for consumption of varieti{é@yt(i)}ilzo to minimise the nominal production cost for
a certain number of consumption bundles:

n

min H-H(I)YHt(I)dI
{0}

st.Yy t > ?

The corresponding Lagrangian is given by

L= '/'mta)YH,t(i)di — Rt (Yii— V)
0

whereR,  denotes the marginal nominal cost of a consumption bu¥iglePerfect
competition among aggregators drives the price down to the marginal cost. Differentiating
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with respect to anyy(j) (j € [0,n]) should be zero. Itis straightforward to see that

considering a singl¢ provides a zero value for the derivative because each variety producer has
measure zero. However, by consideringjat an arbitrary subse® (having nonzero measure)

on [0, n] we should still find

OYur .
/avm /H“ J =0

Note that

({aff:i'itj)dj :g{ aYHa,t(i) l(({(rlw) Y (i) gd') lg] dj
n =1 /n
= s (J @ Ynaeai) (T [0 Vi) o)

(1) Y (i) fdu)ﬁg(,ﬁ)5<l—s>YH,t<j>edj
= (3 e Yia())ed]

Substituting the latter result
1 €
JRaatindi =R (1) Yoo [ Vel <o)
Q Q
Since subse® is arbitrary, this relation must hold for arjye [0, n] resulting in:

. 1\°¢ .
Pat(i) =P (n) YacYre(i)™®

This implies the cost minimising choice of domestic varigty [0, n] for the domestic

economy is:
Pa(i)) ¢
Yi ! Yi
Hi(l) = n( B ) Hi
A similar expression can be derived for the foreign economy’s demand for a given domestic
variety j:
1 (Puai)\
N L iU ¢
Vsl = () T,

These expressions are the demand curves faced by each monopolistically competitive
domestic production firnj.
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6.3 Aggregators block

The aggregators give us the following equations for the final model:

Evolution of terms of trade

S TEL
= _ ARt 6.1
S-1 Al ©.1)

The domestic CPI to PPI ratio

0(8) = |- a-me+a-mas” | 62)
The foreign CPI to PPI ratio
g (S)= {(1— na) + nasn"] " 6.3)
Real net exports definition: Current account
1 1 177”

N = el (9)8)F ¥ - - (92)) T v ©.4)
Domestic CPI definition

9(8) 6.5)

™= g(Sil)”H,t
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Production firms

The demand for each intermediate good is given by summing the demand from domestic
aggregators and from exports. We can always rewrite the firm’s optimisation problem in terms of
maximising the difference between marginal revenue and marginal cost, which we will do here
without deriving an expression for marginal cost just yet. The production function of the firm is
given by:

Yo = AKZ L7

Faia and Monacelli (2008) use Rotemberg (1982) sticky prices. That is, changing prices has
a real cost given by:

v ﬁu 2
z L1
2 (H—i,tl )

That is, if the firm wants to change its price it must go and buy some of the domestic

composite to cover the costs. So the problem for the firm is to choose a price that will maximise
expected profits using a discount factor from their owner. In the Faia and Monacelli paper the
household owns the firm and there are complete contingent markets, so the discount factor is the
price in period zero of a certain claim on one unit of domestic currency in perihereas for

us, the actuarial insurance firms own the firms. We will still call Qig, since we can putin
whatever discount rate we like at a later date. This gives us an expression for the expected

nominal profit:

E ) Qtiik =
thO . 2 \ Pkt

S 2
Yeik (J) (P gk —MCR) — 0 (M - 1) H—l,t+k]

The firm chooses a price to maximise this subject to the demand curve it faces. This is made
up by summing the demand from the domestic aggregators and export demand where domestic
demand for domestically produced goods is given by

Yii = (1— (1-n)a) <F:t)%“

and foreign demand for domestically produced goods is given by

*

1
m.t=na(:j )”Yr

t

whereY;, is total domestic demand for the composite good

|
Yitk = Gk + gk + Gk +W <Kttl_5> lt+& (AFB)
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Since the firm is small they can take total consumption of all domestically produced goods as
given when solving their pricing problem. We can also adjust the definition introduced in the
aggregators section to simplify our analysis. We adjust the definition to take into account
aggregate price adjustment costs, which are exogenous to the firm under consideration:

E(ﬂH,t—l)z

Yptik = YHt+k + Yi ek + 5

so setting demand equal to supply gives

ol

YD t+k

Ptk ) B
Btk

Rather than mess about with Lagrangians we will impose the constraint directly by

Yerl) = Youru(i) = 5

substituting the expression we have just derived for total production of the firm under question.

The problem of the firm is to choose a price to maximise:

© 5 -1 2
1 -
E ZJQt,t-&-k nYD,t+k<PH’t+k> (Rt —MGLy) — ( P o 1) H—Lt+k‘|
k=l

Ptk Pitik—1
What is important to note here is that the firm can only chaﬁg@k. The FOC for the

optimal priceRy ; is:

o-aro () ot () " v
~QuoRne (R~ mi wa (1) B
Simplifying:

1

0=(1 _;)QttlYD,t(%)_g‘FQtt YD‘(FH?T>_%_1'\€S
—Qttl‘}th(,:Htl l) (F’Hl_l)%ﬁ

Imposing a symmetric equilibriunﬁﬁ = R4+ implies that we can write the optimal price

:EU

for all firms as:

11 mch
Q¥ (e — 1) = (1_>QIIYDI+QIIYDIH_|C[

Just for now, we want to think about wh@t ¢ is. This is the stochastic discount factor for

+ Q41975 41 (1 — 1)

discounting nominal profits (look at the objective function, it is for nominal profits). In Faia and
Monacelli the household is the owner of the firm and the discount factor depends on the ratio of
marginal utilities, ie. the price of certain unit of consumption in a given period. However, for us,
the firm is owned by the actuarial firm, which raises capital from households by paying the gross
nominal interest rate. If you were to compare the two different discount factors you should find

that they are the same. In our case, th@n,= 1 andQ; 141 is the gross nominal interest rate
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fromt tot + 1. Substituting this into our optimal pricing equation and also going to real
marginal cost:

dant (e —1) = (1— i:) %YD.; + %%YMMC{ + ﬁlitﬁﬂﬁ’tﬂ (FHt+1— 1)

Faia and Monacelli go on to substitute out output using the production function and marginal
cost, which we are not going to do. Comparing their equation 49 with the above equation the
main difference is that their stochastic discount factor takes into account expected terms of trade

movements, ours doesn’t explicitly yet. To see where this comes from consider the following

expression:
1 g = 1 mHp
1+ it i 141 41

Now we will use the expression we derived for the domestically produced goods price level
to CPI ratio so:

98) _ R Bt e
0(S+1) BR41 By T+1

SO we can write our optimal price expression as:

e 9(8)
14+r:9(S+1)

This is an exact non-linear New Keynesian Phillips Curve. If you log-linearise this we get the

1
g9 (e —1) = HY—D,t (MC{ —1+¢)+ TH 1 (PH 1 — 1)

same functional form as the standard NKPC. One point to note is that past inflation does not
enter this expression, which was a key ingredient in matching inflation persistence according to
Christiano et al. (2005). The pricing equation is already assuming optimal behaviour in factor
markets. So what is that behaviour? Remember the firm has set the price, not the quantity. So
whatever is demanded at the current price the firm must supply. Whereas in the perfect
competition with flexible prices case the firm was choosing quantities, now the firm has set the
price and there will be a unique quantity of capital and labour that will minimise the cost of
matching demand (and maximise profits). This is given by the cost minimisation problem:

r}r<17iLr1{g(S)vvtLt +9(8) rtth_l}

subject to

Yi=AKE LT >Y

Setting up the Lagrangian where the Lagrange multiplier is equal to real marginal cost:

0(S) WL +(S) K2~ MG (AKZLE— )
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FOC capital demand:

Kieg \ ¥
a(S)rt = w12

FOC labour demand:

x
a(s)w=c (1- A ()

In order to see what effects these have we need an expression for the total profit of
production firms per period. The nominal dividend per period is (using the definitions of the real
wage, real rental rate for capital and real dividend as defined in the household problem and the
actuarial firm problem, respectively)

. o
Rdivt = Py Y — Rwly — RrfKe — 5 (mi —1)% Py

which we can write in real terms

o Y ke P 2 1
Mg b e g

In this case production firms choose prices, capital and labour to maximise profits. That is,

the firm sets the price and the quantity adjusts to clear the market.
Production firms block

Optimal behaviour by production firms is described by the following equations:

Real output

Yo = AKE L * (7.0)
Labour demand

MG (1—2) AKE 1L * = 9(S) w (7.2)
Capital demand

MC{ xAKE 1L = g(S) (7.3)

Definition of real dividend

. Y K PCosts
div = —— —wlLi—rfKi1— ————— 7.4
TS TS 79
Price adjustment costs
4 2
PCosts= — (a4t —1) (7.5)

2
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Optimal price

ey g9(8)
1+r9(S+1)

1
€0t (e —1) = Vb (MC{ —(1—¢))+

Definition of total demand for domestic goods

Vou = (1= (1m0 (1) Ve na () v+ 2 (a0

Pt Rt

Domestic demand

Yt:Ct+|t+G[+w<K't> It + & (OFBy)

t—1

AHt+1 (41— 1)

(7.6)

7.7)

(7.8)
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8.1

Technology and definitions

Technology and definitions

To complete the model we have various definitions and exogenous processes Technology

A=~At+e
Aggregrate resource constraint
Y =09(S) (Yi +NX)+PCosts
Net interest definition
Nit = (1— 5¢)it—1
Household real interest definition

1+ni
1+rth: + Nl 1

my1d
Real interest definition

o 1+i;

T+1

141

Real foreign interest definition

fo -’LJFit]co

T+1

1+
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9.1

The complete model
Household block

Optimal consumption

G=(1-s)H

9.1)

Total wealth (note how we have changed the time subscript for financial wealth without

consequence)
Hy = HWM + FW
Human wealth
(I-n )WL+ (1— a0 div — 157s;

HW = it—1(1-71) dm
= 1 t+1
1+i—1(1-ay) Me -+ T+t (1-75,641) HWE+1

Financial wealth

1 .
FW = ﬂ:tid {[T+nit] N1 + M1}

Marginal propensity to consume

1
(1-s) t=2zX+ zi (B)? (1+18)" " (1—ss0) !
t+1

where
(1-6)
_ (L+1cp) =? (1+nit+1)(p(lg) ’
(W (1—2))*? \ Nt
and
(1-6)
(At ) 50900 /14 pip\ 79 7
te (Wt(l—fl,t))(L@ ( Nit41 )
Labour supply
Lol - @ta)-s),

1-d o (I-ap) w
Money demand

(1—¢) 14 nitg
Nit 41

M = (14 7ct) (1-s)H

9.2)

(9.3)

(9.4)

(9.5)

(9.6)

(9.7)

(9.8)

(9.9)
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9.2

9.3

Actuarial firms block

Demand for production shares

[\,
lir = Ot+1 +qtd ti1

Demand for foreign investment firm shares
1ir = gfpr+diviig
qf
Optimal investment (1)
It ) ke ... ( It )
N=1+¥Y|l_——-6 )|+ —W|_—-96
' <Kt1 Ki-1 Ki-1

Optimal investment (2)

1 lt+1 2 |t+1
M=o | — | V(- Aeaq (1=
t s rt+1+(Kt> (Kt 8 +NA;1(1-9)
Dividend
div = Ne— (14 Tt-1)Ne-1 = Br+ (1+re-1) Brog +dive +divh
Al =

iK1 (14w (- 8) |
Zero expected profit condition

Net1— (L4re) Nt — Brpg + (14r) B+ divers +div fiig
K — {1+ v ('%11 - 5)} I

Definition of investment
k=K —(1—68)Ki—1

Adjustment cost function
w('ts) =cpx ("5)2
Ki-1 Ki-1
Foreign investment firms block
Optimal foreign bond holding (1)

Afi=1+& (AFB)

Optimal foreign bond holding (2)

o 1 fo
M= gon (rt +/\ft+1)
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9.4

9.5

Definition of real dividend
divh =r % FB_1—AFB — & (AFB)
Definition of foreign bond adjustment
AFBy =FB —FBi—1
Adjustment cost function
£ (AFBy) = cpfx (AFB)
Real net exports definition: Capital account
NX = FB; — (1+rtf_°1) FB 1
Government block
Government spending

G; :GO—FQg

Government budget constraint

it—1

Bi=Gt+(1+r-1)B-1— Tl,t7tNt—l_ 7 Wikt — 7ctC —

Fiscal policy rule

1-d TUst = (14rt—1+ sus) Br—1

Aggregators block

Evolution of terms of trade
S _ e
S-1 A

The domestic CPI to PPI ratio
_n_

o(s) = [(1—(1—n>a>+<1—n)as"l}

The foreign CPI to PPI ratio

n
n—-1

9 (S) = {(1—na)+na31"n]

1-d

nst + 5 RV

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)

(9.25)

(9.26)

(9.27)

(9.28)

(9.29)
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9.6

Real net exports definition: Current account

1 Sk
NX = @na (g ()

Domestic CPI definition

Production firms block

Real output

Yo = AKY L

Labour demand

MG (21— x) AKE L *

Capital demand

S

S)

=9

Yr<1n>a(9§’”)4”qvt

(S)w

MG 2 AKE LT = g(S)rk

Definition of real dividend

. Yt
divi = _t — WLt —rtth,]_—

9(S)

Price adjustment costs

¥
PCostg= 5 (mr—1)

Optimal price

2

PCosts
9(S)

eV (mHy—1) = %YD,t (MC{ —(1—¢))+

1—

e g(S)
1+ 9(S+1)

Definition of total demand for domestic goods

Yor=(1-(1-nja) (

Domestic demand
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Yt:Ct+|t+Gt+qJ<

R
Pt

It

Ki—1

1
0 P
Y—l—na( t
) ‘ Pyt

)lt+é<AFB[>

1
n
)

v
2

1 (001 — 1)

(7t —1)°

(9.30)

(9.31)

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)



9.7

Technology and definitions

Technology
A=~FA+eg
Aggregrate resource constraint
Y =9(S) (Yt +NX) + PCosts
Net interest definition
Nit = (1— 5 t)it-1

Household real interest definition

14 rth _ 1+nisg
m41d

Real interest definition

1-+it
T+l

1+ It =
Real foreign interest definition

fo __ 1+itfo

T+1

141y

(9.40)

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)
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